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Generalized Boolean quasirings (GBQRs) are extensions of partial algebras that
are in oneto-one correspondence to bounded lattices with an involutory
antiautomorphism. This correspondence generalizes the bijection between
Boolean ringsand Boolean algebrasand providesfor alarge variety of presumptive
guantum logics (including logics which can be defined by means of Mackey’s
probability function). It is shown how properties of the corresponding lattices
are reflected in GBQRs and what the implications are of the associativity of the
+-operation of GBQRs, which can be interpreted as some kind of an “exclusive
or”-operation. We prove that under very weak conditions, which, however, seem
to be essential for experimental verifications, the associativity of + implies the
classicality of the considered quantum mechanical system.

1. INTRODUCTION

Generalized Boolean quasirings (GBQRs) and partial agebras inherent
to GBQRs, so-caled pGBQRs, have been introduced and studied by the
present authorsinrefs. 4—7. Similar concepts (yet somewhat more specialized)
have been presented independently in refs. 2 and 8. The main purpose of
our work was to provide a genera framework for developing axiomatic
guantum mechanics. GBQRs, which are generaizations of Boolean rings,
turned out to be well suited to serve as quantum logics. Since GBQRs can
be defined by means of pGBQRs, which are in one-to-one correspondence
with bounded lattices with an involutory antiautomorphism, the question
arises how lattice properties are reflected in pGBQRs and GBQRs and what
implications properties of GBQRs have for the underlying lattices. In the
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following we will give some answers to these questions and we will interpret
our results from the quantum-logical point of view.

First, let us recall the definitions of GBQRs and pGBQRs and give a
description of their connections to lattices [6, 7].

Definition 1.1. An agebra (R, +, ) of type (2, 2) (with two binary
operations + and -) is called a generalized Boolean quasiring (GBQR) if
there are two elements 0, 1 € R such that, for al x, y, z € R, the following
laws hold:

Dx+y=y+x

20+ x=x
() )z = x(y2)
(4) xy = yx
(5) xx = x

(6) x0=0

() xL =x

@1+ @1+xy(l+x =x

Omitting law (1), we may consider + as a partial binary operation &
on R with domain {0, 1} X R. This way we obtain a partial agebra (R, D,
-) of type (2, 2) (with the partial binary operation &, and the total binary
operation -), which we will call a partial generalized Boolean quasiring—in
short, pGBQR.

If we define in a pGBOR (R, &, )

xOy: =10 (1Dx1L DY)
x Oy :=xy
X*:=1@x

fordl x,y e R thenL(R) := (R [0, 0 *, 0, 1) is a bounded lattice with an
involutory antiautomorhism. Conversely, if we have a bounded lattice (L, O,
0, *, 0, 1) with an involutory antiautomorphism * and we define

0D x:=x
1P x:=x*
xy:= x4y

for al x, y e L, then we obtain a pGBQR R(L) := (L, &, -). The above
correspondencesL and R establish abijection between pGBQRs and bounded
|attices with an involutory antiautomorphism. Further, every pGBQOR (R, &,
-) can be extended to aGBQR by putting0 + x =x+ 0:=0® xand 1 +
X=X+1:=1@® xforany x e Rand definingx + y =y + x e R
arbitrarily for dl x, y € R\{0, 1}.
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In the following, if not specified differently, + will always refer to an
arbitrary extension of & to a commutative total operation and J, [J, and *
will aways mean the lattice operations on a given pGBQR or GBQR in
the above-defined way. Hence, we will be looking at a pGBQR or GBQR
simultanously as a ring-like structure and a lattice.

2. CHARACTERIZATION OF LATTICE PROPERTIES
WITHIN pGBQRs

The following two theorems hold for arbitrary GBQRs. However, the
conditions referring to GBQRs only involve the operations + and - within
the underlying pGBQRs, so that the theorems in fact are characterizations
of pGBQRs.

ForaGBQR (R, +, -), X = ymeansxy = X, and x issaid to be orthogonal
toy (in symbols, x L y) if x =< y*, which isin turn equivalent to x* = .

Theorem 2.1. For a GBQR R and the corresponding lattice L (R), the
following hold:
(i) L(R)isanortholatticeiff x=yandx* L y* together imply x(1 +

xy) = x(1 +y).
(i) L(R) isorthomodular iff x* L y* impliesx(1 + xy) = x(1 + ).
(iii) L(R)isaBooleanalgebraiff x(1 + xy) = x(1 +y)foral x,y e R

Proof. Let x,y, z € R

@) “O": If L(R) is an ortholattice, x = yand xX* L y* implyy = 1
because of x, x* =< y. Therefore x(1 + xy) = 0 = x(1 + ).

“O":Sincex=1andx* L 1* wehavex Ox* = x(1 + x1) = x(1 +
1) =0

@ii) “O": If L(R) is orthomodular, x* L y* implies x(1 + xy) = x O

(¢ Oy*) =y =x1 +y).
“00": According to (i), L(R) is an ortholattice. If x =y, then x L y*
and hence

y =@ +y) =61+ xy) =x0(yUx)
(iii) “O": If L(R) is a Boolean algebra,

X(L+xy)=x0O 0Oy*)=xOx)OXOy)=x0Oy* =x(1+Yy)
“0": According to (ii), L(R) is orthomodular. Now we have
X=1+A+xy)L+xX=1+(1+xy)(1+ (1+ xy)X

=1+ 1L+xy)AL+xL+xy) =1+ 1+ xy)(L+x(1+Yy)
= (xDOy) D(xDOy)
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which shows that any two elements of L(R) commute, wherefrom we can
conclude [e.g., 1] that L(R) is a Boolean algebra. =

Remark 2.1. If L(R) is a Boolean algebra, R need not be a Boolean ring,
even if R has characteristic 2 (i.e,, x + x = Ofor dl x € R). Seethe example
of the GBOR R illustrated in Fig. 1, for which we have assumed that a +
b = a. If RwereaBooleanring, wewould havetohavea + b =a + a* = 1.

Theorem 2.2. For a GBQR R and the corresponding lattice L (R), the
following hold:

(i) L(R) is modular iff x* 1L y* andy 1 xz* together imply x(1 +

y2) = X(1 +y).
(ii) L(R) isdistributive iff y L xz* implies x(1 + yz) = x(1 + y).

Proof. Let X, ¥,z e R
@) “0O": If L(R) ismodular, then x* L y* andy 1 xz* imply

X(L+y2=x0O@E 0Oy*)=xOZ)0Oy* =y* =x(1 +Y)

“0": Assumex =z Thenzt 1 xU(y U2, and because of x* [ (y* O
Z*) L zy we obtain

(xOy)Oz=2z1+ (x* O(y* OZ))y*)
=z(1+x O(y-Odz) =x0(yOd2
(i) “0O": In case of a distributive lattice L(R), y 1 xz* yields
X(1+yz)=x0O(y*0z)=xOy)OxOZ) =xOy* =x(1 +vY)

“0O0": According to (i), L(R) is modular. Because of (x* 0z*) Oy* L
zx we therefore obtain

xOy)Oz=2z1+ (6 Oz°) Oy*)x*) = z(1 + (¢ OzF) Oy*))
=(xO20yyOz=(x0O20(yd2 =

3. CONSEQUENCES OF THE ASSOCIATIVITY OF + IN GBQRs

Because in general there are many possibilities to extend b to a total
operation, we start by formulating two moderate restrictions for the operation

l=aVa*
a=>b* b=a*
0=aAa*
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+ in an arbitrary GBOQR (R, +, *) (which we will use separately as well
as together).

The first restriction (A1) isthat x + y should be a polynomial over (R,
@, -) in the two variables x, y and the (only) constant 1 (i.e., X + y should
be representable by an expression in x, y, 1, &, and -) such that x + vy
coincides with the symmetric differencein L(R) if L (R) isaBoolean algebra.

There are two such polynomials that represent the symmetric difference
in Boolean algebras:

X+y=1®(1DxADPY)(1D (ADXy) = (xOy*) O(x* dy)
X+2y= (1D 1DXADY)(LDxy) = (xUy) U(x* Oy*)

In genera (R, +4, -) and (R, +,, *) are not Boolean rings unless L(R) is a
Boolean algebra. If L (R) isaBoolean algebra, +, and +, coincide, otherwise
X+1Yy=X+,V.

Our second assumption (A2) is that for an arbitrary GBOR (R, +, )
andx,y e R

X Yy=X+y=x-+yV¥

Assumption (A2) guarantees that if R has characteristic 2 and L(R) is a
distributive lattice, then L(R) is a Boolean algebra. This can be easily seen
by means of the following lemma, in which we mention several consequences
of (A2) which are useful for calculations in GBQRs.

Lemma 3.1. Assume (A2). Let a, b € L(R) and denote the set {a O a*,
a, a*, ada*} by A. Then the following hold:

(i) a=bimpliessa+b=b+a=a*0b;hencea+a=ala*
and(a+ a +a=a

(i) al bimpliessa+b=b+a=alh.

(iii) b=a,a* impliesa+b=b+a=a.

(iv) a,a* =bimpliesa+ b=b+ a= a*.

(v) (A, +) isisomorphic to the cyclic group Z,, to the cyclic group
Z,, or to the Kleinian 4-group, depending on which of thefollowing
three conditions are fulfilled: (1) a = a*, (2) a # a* and a, a*
are comparable, and (3) a, a* are incomparable.

Proof. (i)—(iv) As one can see immediately, al statements hold for +,
and also for +, if we replace + by +, and +,, respectively. Because of
(A2) they are also true for +.

(v) One can easily check that the operation table given by Table | is
valid for +, aswell as +, and hence also for +, from which claim (v) can
be derived by straightforward calculation. m
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Tablel
ala* a ar ala*
ala* ala* a ar ala*
a a ala* ala* ax
ar ar ala* ala* a
aa* ala* ar a ala*

Now we assume that in addition to (A2), + is associative.

Lemma 3.2. If under the assumption (A2), + is associative, then for x,
y € Rthe following hold:

i) X+y*=x*+y=x-+y.
(i) x+y=x+y.
(iii) x+x=x+y=y+yimpliesx=y.
(iv) L(R) cannot haveeither of thelatticesMO, or MO, X 2% illustrated
in Figs. 2 and 3 as sublattices if a + b = zholds in R.

Proof. () (x+yY)* =1+ X+yY)=@0A+xX+y=x+(1+Y).
(i) x +y=0*)* +y=x*+ vy~

(iii) Because of Lemma 3.1(i), X + x + x = x. Therefore
X=xtXX+x)=x+(y+ty)=Kx+y+ty=(y+ty+ty=y

(@iv) If MO, or MO, X 2 were sublattices of L(R) witha + b = z
then we would have a + a = a + b = b + b, wherefrom a = b follows
by (iii), a contradiction. m

For our further investigations we need the following.

Definition 3.1. Let L be a lattice with an involutory anitautomorphism
*. Then L is called *-modular (modular in respect to the involutory antiauto-
morphism *) if, for all X,y € L,

Fig. 2.
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X=y implies (xOx*) Oy =x0O(x* Oy) (SM)
If (SM) holds, then by the duality principle we aso have
X<y implies (xOy*) Oy =x0O(y* Oy)

which is then equivaent to (SM).
Moreover, we can give the following characterization:

Lemma 3.3. A lattice L with an involutory antiautomorphism * is *-
modular iff for x,y,z e L

x=y=z and y=x0Ox* togetherimply (xOy*) Oz
=x0O(y* 02 (SM)

Proof. Assumethat L is*-modular. If x =y = zandy = x 0 x*, then
(yOy*) Oz = (x Uy*) Oz and we obtain by virtue of *-modularity

(xDOy)dz=(((yOy)dz Oz)Ud(xDOy)dz

=(yO(y*O20z)0OK0Oy) Oz

=(yOz O(y-02)00Oy*) Oz

= (xOx:) O(yOz)) O(y* 02) 0(x0Oy*) DOz

=xOX O(yOz)O(y-Od2)d(x0Oy*)Oz

= (xO(y* 02) OxO(y* O2)*) O((xdy*) 02
(xO(y* 02) O(xO(y* D2)* O((xdy*) 02)
xO(y* OO0y Ox)Oxx OzO(yOZ))
xO(y* Oz 0Oy OxOx*)dzO(ydz))
=xO(yrO20(y0OzO(yOdz?) =x0O(y* 02
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Conversely, let us assume that (SM) holds. If x <y, then x = x <y, which
together with x = x Ox* implies(x Ox*) Oy =x0O0C* Oy). m

Remark 3.1. If a lattice with an involutory antiautomorphism * is *-
modular, it must not contain a sublattice isomorphic to the lattice illustrated
in Fig. 4, because from a = b we could infera = a O (a* Ob) = (aOa*)
Ob=h.

Now we can prove that the associativity of the operation + within a
GBQOR (R, +, -) has the following consequence:

Theorem 3.1. Assume (A2). If + is associative, then the lattice L(R)
corresponding to a GBQR (R, +, *) is *-modular. Moreover, it holds that

Xs=y=z implies (xOy*)Oz=x0(y* 02
If R has characteristic 2, L(R) is orthomodular.

Proof. If X, ¥,z € Rand x = y = z then by Lemma 3.1, (i) and (ii),
we obtain

xOy)Oz=0 0Oy dz=x+y*Oz=KX+y) +z
=X+ (y+2=x+(yO2=x0(y* 02

Hence, according to Lemma 3.3, L(R) is *-modular. If R has characteristic
2,0=x+x=x0x*and 1 = x Ox*, which means that * is an
orthocomplementation and (SM) becomes the orthomodular law. m

If R has characteristic 2 and + isassociative, Fig. 4 (Remark 3.1) shows
that L (R) has to be orthomodular, and, according to Lemma 3.2(iv), Figs. 2
and 3 explain that L (R) has to be a Boolean algebraif + = +;. [Using the
notation introduced in Lemma 3.2(iv), a +1 b = (aOb*) O(a* Ob) =
2] The last result has aso been obtained (in greater generality) in ref. 7,
Theorem 4.3.

Now we prove that under the assumptions (A1) and (A2) the last result
even holds for an arbitrary operation +.

z*

Fig. 4.
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Theorem 3.2. Let (R, +, +) be a GBQR of characteristic 2 such that
(A1) and (A2) hold. If + is associative, then R is a Boolean ring and + =
+1 = +2.

Proof. According to Theorem 3.1, L(R) is orthomodular. As shown in
ref. 3, there exist exactly six (not necessarily commutative) polynomials x
+ y over (R, &, -) in x, y and the (only) constant 1 such that + coincides
with the symmetric difference if L (R) is a Boolean algebra; according to ref.
3, two of these extensions are commutative, hamely +, and +,. Hence,
because of assumption (Al), + has to be either +, or +,. As shown in ref.
7, associativity of +, or of +, implies +, = +, [7, Lemma 4.1] and that
L(R) is a distributive lattice [7, Theorem 4.3]. Hence L(R) is a Boolean
algebra, which corresponds to a Boolean ring. =

Remark 3.2. It can be shown that most of the results of this paper
referring to bounded lattices with an involutory antiautomorphism remain
valid if one does not require the lattices to be bounded.

4. INTERPRETATION OF THE OBTAINED RESULTS WITHIN
QUANTUM LOGICS

As shown in ref. 7, a quantum logic can be defined as the agebraic
structure related to a system of homomorphisms induced by Mackey’s proba-
bility function.

The Mackey probability function p(A, «, E) corresponds to the system
of observables A € O and states « € Sfor a fixed physical system and is
defined as the probability that a measurement of A in the state o will lead
to avaue in a Borel set E € B(R). In this approach, the quantum logic
corresponding to this physical system can be interpreted as a generalized
Boolean quasiring (R, +, ), where R is the set of experimental propositions
defined by

R:={[(A E)]/A € O, E € B(R)}
with
[(A E)] :={(B,F)B € O, F € B(R),
Oa € S pB, o, F) = p(A, o, E)}

In the present paper we have investigated the properties of (R, +, -). The
operation of multiplication - can be defined as the unique extension of the
classical “and”-operation, and its properties preserve the classical properties,
as seen from axioms (3)—(7). On the other hand, the operation p + g has
the properties of the classical “exclusive or”-operation (p or g, but not both)
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only if (R, +, -) isaBoolean ring. In general, + can be completely arbitrary
in the domain R\{0, 1}.

Since we would like to preserve some important properties of the classi-
cal “exclusive or”-operation also in the general case, we accept some restric-
tions on the arbitrariness of +. A first restriction is assumption (A1) stating
that x + y should be expressible as a polynomia in x and y over (R, &, ).
This means that the logical value of x + y can be computed from x and y
by a polynomia decision procedure using the fundamental operations ¢ and
- (of which & is a partial operation applicable only to 1 and x, and - is a
total operation). The second assumption (A2) is that the validity of x +, y
implies the validity of x + vy, and the validity of x + y implies the validity
of X +, Y, where (as described above) +, and +, correspond to two possible
expressions of classical “exclusive or” connected by the fundamental logical
connectives “or,” “and,” and “not.” We can say that (A2) means that the
general “exclusive or” + interpolates between two classical possibilities for
“exclusive or,” namely +; and +,. This means that if x +; y is valid and
X +, yisvalid, then x + y must be also valid (otherwise we would obtain
a contradiction with the logical meaning of “exclusive or”). We see that (A2)
is even more fundamental than (A1), since (A1) has aformal proof-theoretic
character (a proof involving + can be replaced by a proof involving & and
- only).

If we accept (A2), or if we accept both (A1) and (A2), we can interpret
our main Theorems 3.1 and 3.2 in terms of quantum logics as follows:

Interpretation of Theorem 3.1. Assume that in the ring-like quantum
logic (R, +, -) the operation + (interpreted logicaly as “exclusive or”)
interpolates between +, and +, and isassociative. Then thelattice of proposi-
tions corresponding to (R, +, -) is*-modular, where * isthe operation defined
by a+ = 1 + a. If in addition the axiom x + x = 0 holds, then * is
an orthocomplementation and (R, +, -) is orthomodular. We can say that
orthomodularity follows from associativity of the “exclusive or”-operation.
However, note that there are nonassociative ring-like quantum logics which
are orthomodular (e.g., the Hilbert space logic).

Interpretation of Theorem 3.2. Assume that in the ring-like quantum
logic (R, +, -) the operation + is expressible by the fundamental operations
® and -, and + interpolates between +, and +,, and is associative. If in
addition the axiom x + x = 0 holdsin (R, +, -), then (R, +, *) isaBoolean
ring, i.e., the logic of propositions corresponding to (R, +, -) is classical.
Hence Theorem 3.2 can be interpreted as a characterization of classical logic
in the framework of genera ring-like quantum logics. In particular, if our
ring-like quantum logic is nonassociative, then it is not classical. This means
that if in the system of propositions corresponding to a physical system there
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are three propositions a, b, c such that (a + b) + ¢ # a + (b + c), then
the logic is nonclassical. To seethat (a + b) + ¢c # a + (b + ¢), it is
sufficient to indicate a state « e S such that for the probability p, of the
respective propositions in state « we obtain

Pu((a + b) + ) # p(a + (b + )

where, for a = [(A, E)] € R, p.(a) is defined as p(a) := p(A, a, E). If we
had an apparatus to measure a + b given a and b in the state a € S, we
could easily determine p,(a + b), as well as p,((a + b) + ¢) and p,(a +
(b + c)). If theselatter probabilities are not equal, the logic (and consequently
the corresponding physical system) is not classical.

Notethat a + b representsthe exclusive“aor b,” which meansclassically
“a or b, but not both.” However, the equivalence between a + b and “a or
b, but not both” is valid only in classical logic, so that the apparatus for
measuring a + b has to be constructed differently than in the classical case.
It is an open experimental problem to construct such an apparatus. If we
would have such an apparatus, the verification of nonclassicality of aphysical
system would be much simpler than observing the standard violation of the
distributive law (e.g., for the momentum and position observables) which
involves two logical connectives “or” and “and” instead of asingle + in our
case. Observethat our criterion for classicality generalizesacriterion proposed
in ref. 8, where the distributivity of a quasi-Boolean ring (which is a specia
case of our generaized Boolean quasiring, as mentioned in the introduction)
is shown to be equivalent to the group structure of (R, +) (hence in particular
+ must be associative). The criterion in ref. 8 follows directly from our
Theorem 3.2.
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